Abstract. Stable compact minimal submanifolds of the product of a sphere and any Riemannian manifold are classified whenever the dimension of the sphere is at least three. The complete classification of the stable compact minimal submanifolds of the product of two spheres is obtained. Also, it is proved that the only stable compact minimal surfaces of the product of a 2-sphere and any Riemann surface are the complex ones.
Introduction
The study of the second variation of the volume of minimal submanifolds into Riemannian manifolds can be considered as a classical problem in differential geometry. In fact, the operator of the second variation (the Jacobi operator) carries the information about the stability properties of the submanifold when it is thought as a stationary point for the volume functional. The starting point could be the paper of Simons, [Si] , where he classified the compact minimal submanifolds of the sphere with the lowest index, proving that there are no stable ones. Later, Lawson and Simons in [LS] characterized the complex submanifolds of the complex projective space as the only stable ones. Ohnita in [Oh] exploited these ideas, classifying the compact stable minimal submanifolds of the other compact rank-one symmetric spaces, i.e., the real and quaternionic projective spaces and the Cayley projective plane.
Since then, many works have been devoted to study stability and index of minimal submanifolds in different ambient Riemannian manifolds. In most of these cases one considers two-sided, codimension one minimal submanifolds, i.e., hypersurfaces with trivial normal bundle, because in this setting the Jacobi operator becomes an operator acting on functions (see [FC] , [FCS] , [DRR] and references therein). For one-sided minimal hypersurfaces and for minimal submanifolds with codimension greater than one, only a few particular situations have been considered (see [MW] , [MU] , [O] , [Oh] , [R] and references therein).
In this paper we come back to the study of stable compact minimal submanifolds with arbitrary codimension, when the ambient manifold is the Riemannian product of a sphere S m (r) of radius r and any Riemannian manifold M. In this setting, the product of stable minimal submanifolds is a stable minimal submanifold of S m (r) × M (see section 2 for details). The main contribution in this paper is to prove that the product of stable compact minimal submanifolds of S m (r) × M are the only ones. Theorem 1. Let M be any Riemannian manifold and Φ = (φ, ψ) : Σ → S m (r) × M a minimal immersion of a compact n-manifold Σ, n ≥ 2, satisfying either m ≥ 3 or m = 2 and Φ is a hypersurface. Then, Φ is stable if and only if
(1) Σ = S m (r) and Φ(Σ) is a slice S m (r) × {q} with q a point of M.
(2) Σ is a covering of M and Φ(Σ) is a slice {p} × M with p a point of S m (r).
with p a point of S m (r).
If T = S 1 (1) × S 1 (1) and Φ : T → S 1 (r) × T the totally geodesic embedding given by Φ(x, y) = (rxy, x, y), where xy denotes the product of the unit complex numbers x and y, then Φ is stable and Φ(T) is not the product of stable minimal submanifolds. Also, if Φ : S 2 (r) → S 2 (r) × S 2 (r) is the diagonal map Φ(x) = (x, x), then Φ is a stable totally geodesic embedding (see [CU] for details) and Φ(S 2 (r)) is not the product of stable minimal submanifolds. So, in this setting, the above result is the best one.
It is well-known that the complex submanifolds of any Kähler manifold are stable minimal submanifolds, and it is a hard and interesting problem to know which Kähler manifolds have their complex submanifolds as the only stable minimal submanifolds (see [MW] , [SY] ). As we mentioned before, this is the case of the complex projective space (see [LS] ). In our setting, the only sphere which admits a Kähler structure is S 2 (r), and then if M is any Riemann surface, we have on S 2 (r) × M two Kähler structures:
, where J 0 is the complex structure on S 2 (r) and J the Kähler structure on M. Clearly F(x, y) = (−x, y) defines a holomorphic isometry between (S 2 (r) × M, J 1 ) and (S 2 (r) × M, J 2 ). We prove that the complex compact surfaces of these Kähler surfaces are the only stable compact minimal surfaces.
Theorem 2. Let M be any Riemann surface and Φ = (φ, ψ) : Σ → S 2 (r) × M a minimal immersion of a compact surface Σ. Then, Φ is stable if and only if Σ is orientable and Φ is a complex immersion of the Riemann surface Σ into S 2 (r) × M with respect to one of the two complex structures that S 2 (r) × M has.
As a corollary of these two results, we obtain the complete classification of the stable compact minimal submanifolds of the product of two spheres:
be a minimal immersion of a compact n-manifold Σ, n ≥ 2. Then, Φ is stable if and only if one of the following possibilities occurs:
(1) Σ = S n 1 (r 1 ) and Φ(Σ) is a slice S n 1 (r 1 ) × {q} with q a point of S n 2 (r 2 ).
(2) Σ = S n 2 (r 2 ) and Φ(Σ) is a slice {p} × S n 2 (r 2 ) with p a point of S n 1 (r 1 ).
(3) n 1 = n 2 = n = 2, Σ is orientable and Φ is a complex immersion of the Riemann surface Σ in S 2 (r 1 ) × S 2 (r 2 ) with respect to one of the two complex structures that S 2 (r 1 ) × S 2 (r 2 ) has.
In the proof of these results we use the same idea in order to get suitable test normal sections. This idea consists into taking, as test sections, normal components of parallel vector fields of the Euclidean space where the sphere S n (r) sits.
Preliminaries
Let M 1 × M 2 be the Riemannian product of two Riemannian manifolds M 1 and M 2 of dimensions n 1 and n 2 and P the product structure on M 1 × M 2 defined as the tensor
We note that,
It is clear that:
(1) P is a linear isometry, (2) P is parallel, i.e. ∇P = 0, (3) P 2 = Id and tr P = n 1 − n 2 , where tr stands for the trace. The curvature R of M 1 × M 2 is given in terms of the curvatures R i of M i , i = 1, 2, as follows:
The Jacobi operator L of the second variation is a strongly elliptic operator acting on the space Γ(T ⊥ Σ) of sections of the normal bundle of Φ, given by
where ∆ ⊥ is the second order operator
and B and R are the endomorphisms defined as follows:
where η ∈ Γ(T ⊥ Σ), {e 1 , . . . , e n } is an orthonormal reference tangent to Σ, ∇ ⊥ is the normal connection, σ is the second fundamental form of Φ, A η is the shape operator and ⊥ denotes normal component. The quadratic form associated to L is defined by
The index of Φ is the index of the quadratic form Q and the immersion Φ is called stable if its index is zero, i.e.,
Φ is stable if and only if
then it is easy to check that
where Q i are the quadratic forms associated to Φ i , i = 1, 2.
On the other hand, given a normal section
It is clear that (η 1 ) q ∈ Γ(T ⊥ Σ 1 ) for any q ∈ Σ 2 , and that (η 2 ) p ∈ Γ(T ⊥ Σ 2 ) for any p ∈ Σ 1 . Moreover, it is straightforward to check that
Hence we have proved that:
Proofs of the results.
Proof of Theorem 1. As the examples appearing in (1), (2), (3) and (4) are product of stable minimal submanifolds (some of them of dimension or codimension zero), they are stable minimal submanifolds.
Conversely, let Φ : Σ → S m (r) × M be a stable minimal immersion of codimension p. We consider S m (r) ⊆ R m+1 . Given a vector a ∈ R m+1 , its normal component to Φ (respectively its tangential component to Σ) will be denote by η a (respectively X a ). We shall use η a as test section, hence we next compute L(η a ).
Let {e i : i = 1, . . . , n} be a local orthonormal reference in TΣ and {ξ α : α = 1, . . . , p} a local orthonormal reference in T ⊥ Σ. We will denote by A the square n-matrix A ij = Pe i , e j and by B the square p-matrix B αβ = Pξ α , ξ β .
Deriving the vector a ∈ R m+1 with respect to e i and taking normal and tangential components to Σ we obtain that
A ij e j ). Deriving again (3.1) with respect to e i and using that φ * (v) = (v + Pv)/2 for any v ∈ TΣ, we obtain
Now using the Codazzi equation, (3.2) and the definition of the Jacobi operator, we get
From the expression of the curvature R and as P(X a + η a ) = X a + η a , it is easy to check that
Pξ α , e i e i , a 2r 2 ξ α .
If {a 1 , . . . , a m+1 } is an orthonormal basis of R m+1 , then using the above two formulas we obtain that
Since tr A + tr B = tr P = 2m − n − p and
we obtain that
The stability of Φ implies that 0
To use this stability inequality, we will consider three different cases:
First case: n ≤ m and m ≥ 3. The Schwarz inequality implies that (tr A) 2 ≤ n tr(A 2 ) and the equality holds if and only if A = λId for certain function λ on Σ. So (3.3) becomes
As −n ≤ tr A ≤ n and m ≥ 3, the integrand is non-negative, hence the equality holds in the above inequality. This means that A = λId and either tr A = −n or tr A = n = m. So we have that either A = −Id or A = Id and n = m.
Second case: n > m and m ≥ 3. In this setting, for any point x ∈ Σ, we have that dim ker dφ x ≥ n − m and so, there exists an (n − m)-dimensional linear subspace V x ⊂ T x Σ such that Pv = −v for any v ∈ V x . Hence, we can decompose T x Σ = V x ⊕ Z x , with Z x orthogonal to V x and dim Z x = n − (n − m) = m. Thus, our matrix A can be written as A = −Id ⊕Â, withÂ ij = Pz i , z j , and {z 1 , . . . , z p } being an orthonormal basis of Z x . In particular,
The Schwarz inequality implies that (trÂ) 2 ≤ m tr(Â 2 ) and the equality occurs if and only ifÂ = λId for certain function λ on Σ. So the above integral inequality transforms into
As m ≥ 3 and −m ≤ trÂ ≤ m, the integrand of (3.5) is non-positive and we obtain the equality in (3.5), which means that trÂ = ±m andÂ = λId. So,Â = ±Id. Hence we obtain that either A = −Id or A = −Id ⊕ Id.
Third case: p = 1 and m = 2. Following the argument used to get (3.3) and changing the matrix A by B, it is straightforward to get a second version of the stability inequality
If the codimension p = 1, then the matrix B = λ for certain function λ. Then, taking m = 2, the above inequality become in
Since the integrand is non-negative, the equality holds in the above inequality, which means that λ = −1.
On the other hand, if n = 2, then the equality holds in (3.4), and so, A = λId. Hence 1 = tr P = tr A + tr B = 2λ − 1 and we obtain that A = Id.
If n > 2 = m, then the equality holds in (3.5), and soÂ = λId. Hence 3 − n = tr P = tr A + tr B = 2 − n + 2λ − 1 and we obtain thatÂ = Id. So A = −Id ⊕ Id.
In summary, if Φ is stable, the matrix A has only three possibilities:
When A = −Id, we have that Pe i = −e i + (Pe i ) ⊥ , for 1 ≤ i ≤ n. As P is an isometry, (Pe i ) ⊥ = 0 , and hence Pv = −v for any v ∈ TΣ. This means that φ * (v) = 0 for any v ∈ TΣ and so, φ is a constant map. Hence ψ : Σ → M is either an stable minimal immersion if n < dim M or Σ is a covering of M if n = dim M. We obtain the cases (3) and (2). When n = m and A = Id, using a similar argument as before, ψ : Σ → M is constant and φ : Σ → S n (r) is the identity. We obtain the case (1).
The last possibility means that we have two orthogonal distributions D 1 and D 2 on Σ of dimensions m and n − m respectively, defined by D 1 = {v ∈ TΣ | Pv = v} D 2 = {v ∈ TΣ | Pv = −v}, such that TΣ = D 1 ⊕ D 2 . In fact, φ : Σ → S m (r) is a Riemannian submersion for which D 1 defines the vertical subspaces and D 2 defines the horizontal ones. As P is parallel, these distributions are totally geodesic foliations on Σ, and so Σ = S m (r) × Σ 2 and Φ = Id × Φ 2 where Φ 2 : Σ 2 → M is a stable submanifold. We obtain the case (4).
Proof of Theorem 2. As n = m = 2, we get the equality in (3.4) and then the matrix A = λId, for certain function λ on Σ. In this setting, if ω i is the Kähler 2-forms associated to the complex structures J i , of S 2 (r) × M, i = 1, 2, it is straightforward to check that (A 11 − A 22 ) 2 + 4A 2 12 = (2 − |Φ * ω 1 | 2 )(2 − |Φ * ω 2 | 2 ).
As A = λId, then (2 − |Φ * ω 1 | 2 )(2 − |Φ * ω 2 | 2 ) = 0. But the minimal surfaces of Kähler surfaces are either complex or the set of complex points are isolated (see [W] ), from where we obtain that either |Φ * ω 1 | 2 = 2 or |Φ * ω 2 | 2 = 2. This means that Φ is a complex immersion with respect to either J 1 or J 2 .
